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Multi-angle effects in self-induced oscillations for different supernova neutrino fluxes
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1II Institut fu¨r Theoretische Physik, Universita¨t Hamburg,
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The non-isotropic nature of the neutrino emission from a supernova (SN) core might potentially
affect the flavor evolution of the neutrino ensemble, via neutrino-neutrino interactions in the deepest
SN regions. We investigate the dependence of these “multi-angle effects” on the original SN neutrino
fluxes in a three-flavor framework. We show that the pattern of the spectral crossings (energies
where Fνe = Fνx , and Fνe = Fνx) is crucial in determining the impact of multi-angle effects on
the flavor evolution. For neutrino spectra presenting only a single-crossing, synchronization of
different angular modes prevails over multi-angle effects, producing the known “quasi single-angle”
evolution. Conversely, in the presence of spectra with multiple crossing energies, synchronization is
not stable. In this situation, multi-angle effects would produce a sizable delay in the onset of the
flavor conversions, as recently observed. We show that, due to the only partial adiabaticity of the
evolution at large radii, the multi-angle suppression can be so strong to dramatically affect the final
oscillated neutrino spectra. In particular three-flavor effects, associated with the solar parameters,
could be washed-out in multi-angle simulations.
PACS numbers: 14.60.Pq, 97.60.Bw
I. INTRODUCTION
The characterization of the flavor conversions for
neutrinos emitted by a stellar collapse is a field of
intense activity. In particular, the flavor transformation
probabilities in supernovae (SNe) not only depend on
the matter background [1, 2], but also on the neutrino
fluxes themselves: neutrino-neutrino interactions provide
a nonlinear term in the equations of motion [3–5] that
causes collective flavor transformations [6–16]. Only
recently [17–19] it has been fully appreciated that in
the SN context these collective effects give rise to
qualitatively new phenomena (see, e.g., [20] for a recent
review). The main consequence of this unusual type
of flavor transitions is an exchange of the spectrum
of the electron species νe (ν¯e) with the non-electron
ones νx (ν¯x) in certain energy intervals. These flavor
exchanges are called “swaps” marked by the “splits”,
which are the boundary features at the edges of each
swap interval [18, 20–31]. The location and the number
of these splits, as well as their dependence on the
neutrino mass hierarchy, is crucially dependent on the
flux ordering among different neutrino species [32, 33].
In this context, one of the main complication in the
simulation of the flavor evolution is that the flux of
neutrinos emitted from a supernova core is far from
isotropic. The current-current nature of the weak-
interaction Hamiltonian implies that the interaction
energy between neutrinos of momenta p and q is
proportional to (1 − vp · vq), where vp is the neutrino
velocity [6, 34]. In a non-isotropic medium this velocity-
dependent term would not average to zero, producing
a different refractive index for neutrinos propagating on
different trajectories. This is the origin of the so-called
“multi-angle effects” [18], which hinder the maintenance
of the coherent oscillation behavior for different neutrino
modes [21, 35–37]. In [35] it has been shown that in
a dense neutrino gas initially composed of only νe and
νe with equal fluxes, multi-angles effects would rapidly
lead to flavor decoherence, resulting in flux equilibration
among electron and non-electron (anti)neutrino species.
On the other hand, in the presence of relevant flavor
asymmetries between νe and νe multi-angle effects can
be suppressed. In particular, during the early SN
accretion phase, one expects as neutrino flux ordering
Φνe ≫ Φνe ≫ Φνx = Φνx [38–40], defined in terms
of the total neutrino number fluxes Φν for the different
flavors. This case would practically correspond to
neutrino spectra with a single crossing point at E →∞
(where Fνe = Fνx , and Fνe = Fνx) since Fνe(E) >
Fνx(E) for all the relevant energies (and analogously
for ν¯). For spectra with a single crossing, it has been
shown in [36] that the presence of significant flavor
asymmetries between νe and νe fluxes guarantees the
synchronization of different angular modes at low-radii
(r <∼ 100 km), so that essentially nothing happens close
to the neutrinosphere because the in-medium mixing
is extremely small. Therefore, the possible onset of
multi-angle effects is delayed after the synchronization
phase. Then, the flavor evolution is adiabatic to produce
spectral splits and swaps but not enough to allow the
multi-angle instability to grow and produce significant
decoherence effects. Therefore, the resultant neutrino
flavor conversions would be described by an effective
“quasi single-angle” behavior. In this case, the self-
induced spectral swaps and splits would be only marginal
smeared by multi-angle effects, as explicitly shown in [18,
21, 22]. This reassuring result has been taken as granted
in most of the further studies that typically adopted the
averaged single-angle approximation.
However, this nice picture does not represent the
2end of the story for multi-angle effects.1 A different
result has been recently shown in [42], where multi-
angle effects are explored, assuming a flux ordering of the
type Φνx >∼ Φνe >∼ Φνe , possible during the SN cooling
phase, where one expects a moderate flavor hierarchy
among different species and a “cross-over” among non-
electron and electron species is possible [38–40]. This
case would correspond to neutrino spectra with multiple
crossing points, i.e. with Fνe(E) > Fνx(E) at lower
energies, and Fνe(E) < Fνx(E) at higher energies (and
analogously for ν¯). For such spectra, it has been shown
in [43] that the synchronization is not a stable solution
for a neutrino gas in presence of a large neutrino density.
Therefore, collective flavor conversions would be possible
at low-radii in the single-angle scheme [43], in a region
where one would have naively expected synchronization.
However, it has been shown in [42] that the presence
of a large dispersion in the neutrino-neutrino refractive
index, induced by multi-angle effects, seems to block the
development of these collective flavor conversions close
to the neutrinosphere. This recent result extends the
finding obtained with a toy model in [43]. The delay of
the self-induced flavor conversions for this case is also
visible in the multi-angle simulations in [44]. So, it is
apparent that multi-angle effects are relevant not only for
fluxes with small flavor asymmetries, where they trigger
a quick flavor decoherence, but also in cases of spectra
with multiple crossing points, where multi-angle effects
can suppress flavor conversions at low-radii.
Triggered by the contrasting impact of the multi-angle
effects for fluxes typical of the accretion and cooling
phase, we take a closer look at the dependence of these
effects on the neutrino flux ordering. The plan of
our work is as follows. In Sec. II we introduce our
supernova flux models, and describe the equations for
the flavor conversions in the multi-angle and single-
angle case. In Sec. III we show and explain our
numerical results for the single-angle and multi-angle
flavor evolution for some representative choices of SN
neutrino fluxes. In particular, we select three cases
corresponding respectively to a) single-crossed neutrino
spectrum with Φνe ≫ Φνe ≫ Φνx , producing a
“quasi single-angle” flavor evolution, b) multiple-crossed
spectrum with Φνx >∼ Φνe >∼ Φνe , where single-angle
and multi-angle evolutions give significantly different
final neutrino spectra, c) small flavor asymmetries, i.e.
Φνe ≈ Φνe ≈ Φνx , where the multi-angle suppression
is small, and multi-angle decoherence produces a partial
flavor equilibration among the different species. Finally,
in Sec. IV we draw inferences from our results and
summarize. Technical aspects are discussed in the
Appendix.
1 We mention that recently multi-angle effects have been included
also in the study of the flavor evolution of the νe neutronization
burst in O-Ne-Mg supernovae. We address the interested reader
to [41].
II. SUPERNOVA NEUTRINO FLUXES AND
EQUATIONS OF MOTION
A. Supernova flux models
In the presence of neutrino-neutrino interactions the
flavor conversions for SN neutrinos are described by non-
linear equations. Therefore, SN neutrino oscillations
will crucially depend on the initial neutrino fluxes. We
define Fνα as the number flux of a given neutrino
species να emitted with energy E in any direction at
the neutrinosphere. In a supernova νe and ν¯e are
distinguished from other flavors due to their charged-
current interactions. The νµ, ντ and their antiparticles,
on the other hand, are produced at practically identical
rates. Following the standard terminology [45], we define
the two relevant non-electron flavor states as νx,y =
cos θ23νµ∓ cos θ23ντ , where θ23 ≃ pi/4 is the atmospheric
mixing angle. Since the initial νx and νy fluxes are
identical, the primary neutrino fluxes are best expressed
in terms of νe, ν¯e and νx. For half-isotropic emission
these three relevant SN ν original neutrino number fluxes
for the different species are given by [21]
F 0να(E) = Φ
0
να ϕνα(E) , (1)
where
Φ0να =
1
4pi2R2
Lνα
〈Eνα〉
(2)
is the total number flux at the neutrinosphere radius R,
that in our numerical examples we will take R = 10 km.
The neutrino luminosity is Lνα and the neutrino average
energy 〈Eνα〉. The function ϕνα(E) is the normalized
neutrino spectrum (
∫
dE ϕνα = 1) and parametrized
as [46]:
ϕνα(E) =
ββ
Γ(β)
Eβ−1
〈Eνα〉β
e−βE/〈Eνα〉 , (3)
where β is a spectral parameter, and Γ(β) is the Euler
gamma function. The values of the parameters are model
dependent (e.g. see the Fig. 3 in [32]). For our numerical
illustrations, we choose
(〈Eνe〉, 〈Eν¯e 〉, 〈Eν¯x〉) = (12, 15, 18) MeV , (4)
and β = 4, from the admissible parameter ranges [46].
We will consider three representative cases for the
ratios of the neutrino fluxes, namely
Φ0νe : Φ
0
ν¯e : Φ
0
νx = 2.40 : 1.60 : 1.0 ,
Φ0νe : Φ
0
ν¯e : Φ
0
νx = 0.85 : 0.75 : 1.0 ,
Φ0νe : Φ
0
ν¯e : Φ
0
νx = 0.81 : 0.79 : 1.0 . (5)
The first case represents a flux ordering with a νe
dominance, typical of the accretion phase, practically
producing a single-crossed spectrum. The other two cases
3represent fluxes possible during the cooling phase, with a
moderate νx dominance and different flavor asymmetries,
producing a multiple-crossed spectrum. We will see how
multi-angle effects would have a different impact for these
three cases.
B. Equations of motion
Mixed neutrinos are described by matrices of density
ρp and ρ¯p for each (anti)neutrino mode. The diagonal
entries are the usual occupation numbers whereas the
off-diagonal terms encode phase information. We are
studying the spatial evolution of the neutrino fluxes in
a quasi-stationary situation. Therefore, the matrices ρp
do not explicitly depend on time, so that the evolution
reduces to the Liouville term involving only spatial
derivatives. Moreover, we assume spherical symmetry
so that the only relevant spatial variable is the radial
coordinate r. In this case, the explicit form of the
equations of motion (EoMs) has been obtained in [4, 5,
19, 36, 47, 48].
ivp · ∇rρp = [Hp, ρp] , (6)
where vp is the velocity and the Hamiltonian reads
Hp = Ωp + VMSW + Vνν . (7)
In a three flavor scenario, the matrix of the vac-
uum oscillation frequencies for neutrinos is Ωp =
diag(m21,m
2
2,m
2
3)/2|p| in the mass basis. For antineu-
trinos Ωp → −Ωp. It will prove convenient to cast the
matrix of vacuum oscillation frequencies in its traceless
form
Ωω = − ω√
3
λ8 − αω
2
λ3 (8)
where λ3 and λ8 are the two diagonal Gell-Mann
matrices, which read respectively [45]
λ3 = diag(1,−1, 0) ,
λ8 =
1√
3
diag(1, 1,−2) .
The vacuum oscillation frequency
ω =
∆m2atm
2E
(9)
is associated to the atmospheric mass-square difference
∆m2atm = m
2
3 −m21,2. The mass hierarchy parameter is
α ≡ sgn(∆m2atm)
∆m2sol
∆m2atm
, (10)
∆m2sol = m
2
2−m21 being the solar mass-square difference.
∆m2atm > 0 defines the normal mass hierarchy (NH),
while ∆m2atm < 0 the inverted hierarchy (IH). For
the numerical illustrations, we take the neutrino mass-
squared differences to be |∆m2atm| = 2 × 10−3 eV2 and
∆m2sol = 8 × 10−5 eV2, close to their current best-
fit values [49]. In SN neutrino flavor conversions, the
parameters (∆m2atm, θ13) are responsible of conversions
between e − y states, while (∆m2sol, θ12) determine
conversions between e−x states [45]. The mass hierarchy
implies the dominance of e−y conversion effects over the
e−x ones. However, are possible situations in which one
finds an interesting interplay between the “atmospheric”
and “solar” sectors [30, 31], as we will show in the
following.
The matter effect in Eq. (7), due to the background
electron density ne, in the weak interaction basis
(νe, νµ, ντ ) is represented by [1]
VMSW =
√
2GFnediag(1, 0, 0) . (11)
Except at very early times (t <∼ 300 ms) when the
effective electron density ne would become larger than
the neutrino density nν suppressing the self-induced
flavor conversions [50], one can account for matter effects
in the region of collective oscillations just by choosing
small (matter suppressed) mixing angles [17, 50], which
we take to be θ13 = θ12 = 10
−3. Matter effects in the
region of collective oscillations (up to a few 100 km)
also slightly modify the neutrino mass-square differences.
Therefore, we take the effective mass-square differences
∆m˜2atm = ∆m
2
atm cos θ13 ≃ ∆m2atm and ∆m˜2sol =
∆m2sol cos θ12 ≃ 0.4∆m2sol [26, 50]. Mikheyev-Smirnov-
Wolfenstein (MSW) conversions typically occur after
collective effects have ceased [21, 45]. Their effects then
factorize and can be included separately [2]. Therefore,
we neglect them in the following.
Finally, the effective potential due to the neutrino-
neutrino interactions is given by [3–5, 34]
Vνν =
√
2GF
∫
d3q
(2pi)3
(ρq − ρ¯q)(1 − vp · vq) , (12)
where the factor (1− vp · vq) implies multi-angle effects
for neutrinos moving on different trajectories [18], as
explained in Sec. I.
We will solve the EoM’s in the multi-angle case and
compare the behavior of the flavor evolution with the
solution obtained in the single-angle approximation [18].
This latter requires the occurrence of the self-maintained
coherence of the neutrino ensemble, i.e. that at a given
location all the neutrino modes are aligned with each
other, assuming they were aligned at the source [47].
In this case one obtains as angle-averaged EoM for
the different energy modes, classified in terms of the
frequency ω
i∂rρω = [Hω, ρω] , (13)
where we have defined the “reduced neutrino density
matrix” as [26]
ρω ∼
{
+ρq if ω > 0
−ρ¯q if ω < 0 , (14)
4whose diagonal components
ρω(αα)(r) =
Fνα(ω, r)
Fν(ω, r)
, (15)
are normalized to the sum of the fluxes of all the neutrino
species Fν(ω, r) = Fνe(E, r) +Fνx(E, r) +Fνy (ω, r) (and
analogously for antineutrinos). We clarify that when we
use the ω-variable, with the notation Fν(ω) we would
mean Fν(E)× dE/dω.
Neglecting the matter effects, the single-angle Hamil-
tonian reads [47]
Hω = Ωωr + µ
∗
rρ . (16)
In this equation the vacuum oscillation frequency ω when
projected over the radial direction becomes [47]
ωr =
ω
〈vr〉 , (17)
where
〈vr〉 = 1
2

1 +
√
1−
(
R
r
)2 (18)
is the angle-averaged radial neutrino velocity. The
modification of the vacuum oscillation frequencies is
relevant only near the neutrinosphere, therefore in the
following we neglect it in our estimations.
The neutrino-neutrino interaction term depends on the
matrix of total density
ρ =
1
Φ0ν +Φ
0
ν
∫ +∞
−∞
dωFνρω (19)
normalized to the sum of the total neutrinos and
antineutrinos flux at the neutrinosphere.
The radial dependence of the neutrino-neutrino inter-
action strength can be written as [21, 47]
µ∗r = µR
R2
2r2
Cr , (20)
where
µR = 2pi
√
2GF (Φ
0
ν +Φ
0
ν¯) , (21)
represents the strength of the neutrino-neutrino poten-
tial at the neutrinosphere. The r−2 scaling comes from
the geometrical flux dilution, and the collinearity factor
Cr = 4
[
1−
√
1− (R/r)2
(R/r)2
]2
− 1
≈ 1
2
(
R
r
)2
for r →∞ , (22)
arises from the (1 − cos θ) structure of the neutrino-
neutrino interaction. The asymptotic behavior for large
r agrees with what one obtains by considering that all
neutrinos are launched at 45◦ to the radial-direction [36].
The known decline of the neutrino-neutrino interaction
strength, µ∗r ∼ r−4 for r≫ R, is evident [3].
The behavior of the neutrino ensemble at large
densities in the single-angle case can be characterized
in terms of the invariants of the system. Namely, two
lepton-numbers, which for small in-medium mixing angles
read in flavor basis [26, 51]
L3 = 1
Φ0ν +Φ
0
ν¯
∫ +∞
−∞
dωFνTr(ρωλ3)
L8 = 1
Φ0ν +Φ
0
ν¯
∫ +∞
−∞
dωFνTr(ρωλ8) ,
(23)
and the effective energy of the system [35]
E = − 1√
3
Tr(ρ˜λ8)− α
2
Tr(ρ˜λ3) +
µ∗r
2
Tr(ρ2) , (24)
where
ρ˜ =
1
Φ0ν +Φ
0
ν¯
∫ +∞
−∞
dω ω Fνρω , (25)
is the first momentum of the density matrix.
III. MULTI-ANGLE EFFECTS FOR
DIFFERENT NEUTRINO FLUXES
In this Section we compare the results of the SN
neutrino flavor evolution, obtained using the single-angle
[Eq. (13)] and multi-angle [Eq. (6)] EoM’s for the three
representative SN flux models introduced in Eq. (5). For
the sake of brevity, we will show only results of the
supernova neutrino flavor evolution in the case of inverted
neutrino mass hierarchy. We think that this case is more
interesting, since possible three-flavor effects, associated
with ∆m2sol have been recently found in the single-angle
scheme for SN neutrino fluxes with multiple crossing
points [30, 31]. We will show that multi-angle effects
can strongly suppress the impact of these three-flavor
conversions.
In our numerical simulations we fix the value of
the neutrino-neutrino interaction strength at the neutri-
nosphere
µ∗r(R) = 2.1× 106 km−1 , (26)
unless otherwise stated. This choice will imply that
neutrino luminosities in the three different cases will be
(in units of 1051 erg/s)
Lνe = 2.40 , Lν¯e = 2.00 , Lνx = 1.50 ,
Lνe = 1.20 , Lν¯e = 1.34 , Lνx = 2.14 ,
Lνe = 1.16 , Lν¯e = 1.41 , Lνx = 2.14 .
(27)
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FIG. 1: Case with Φ0νe : Φ
0
ν¯e
: Φ0νx = 2.40 : 1.60 : 1.0.
Three-flavor evolution in inverted mass hierarchy for the
single-angle case for neutrinos (left panels) and antineutrinos
(right panels). Upper panels: Initial energy spectra for νe
(long-dashed curve) and νx,y (short-dashed curve) and for
νe after collective oscillations (solid curve). Lower panels:
probabilities Pee (solid red curve), Pey (dashed blue curve),
Pey (dotted black curve).
In order to get stable results in our multi-angle simula-
tions we typically use ∼ 1500 angular modes. Finally, to
saturate self-induced oscillation effects, we integrate the
EoM’s till r = 103 km. Technical details are discussed
in the Appendix: in the following we focus only on the
results and their interpretation.
A. Spectrum with a single crossing
We start our investigation with the SN neutrino flux
ordering Φ0νe : Φ
0
ν¯e : Φ
0
νx = 2.40 : 1.60 : 1.0, as
representative of the accretion phase. This case has
been the benchmark for most of the previous multi-
angle studies (see, e.g., [18, 21]). As known, in this
case the dynamics can be studied into the e − y two-
neutrino system associated with (∆m2atm, θ13). Three-
flavor effects in the e − x sector, associated with
(∆m2sol, θ12) are negligible [45, 52].
In Fig. 1 we represent the initial neutrino fluxes at the
neutrinosphere for all the different species and the final
electron (anti)neutrino fluxes after collective oscillations
(at r = 103 km) in the single-angle approximation (upper
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FIG. 2: As in Fig. 1, but for the multi-angle case.
panels) and the corresponding Pee = P (νe → νe),
Pex = P (νe → νx) and Pey = P (νe → νy) conversion
probabilities (lower panels). Neutrinos are shown in the
left panels and antineutrinos in the right panels. The
corresponging results for the multi-angle case are given in
Fig. 2. We stress that, except in the high-energy tails, the
original neutrino spectra in the case under study always
have an excess of electron (anti)neutrinos over the non-
electron species, i.e. Fνe > Fνx and Fνe > Fνx . In the
frequency variable −∞ < ω < +∞, the crossing point at
E → ∞ (ω = 0) and the other two at E >∼ 20 MeV
appear so narrowly spaced, that the neutrino spectra
superficially appear with only a single crossing point at
ω = 0, where Fνe = Fνx = 0 and Fνe = Fνx = 0. We
address the interested reader to Fig. 3 of [29] and to the
relative discussion on the case neutrino spectrum effectly
behaving as a single-crossing one. We will show how this
property is crucial in characterizing the flavor evolution.
Concerning the neutrino fluxes after self-induced
oscillations, in the single-angle case one finds a swap
between νe and νy spectra above E ≃ 10 MeV, producing
the typical split in the final neutrino spectra. For
antineutrinos, the swap between ν¯e and ν¯y is almost
complete, the splitting energyE ≃ 2 MeV being very low.
Neglecting this low-energy feature [22], the position of the
νe split can be calculated using the conservation of the
lepton number L8 in Eq. (23) (see, e.g., [23–25]). In the
multi-angle case, the swap features remain unchanged,
except for the smearing of the low-energy anti-neutrino
spectral split, shown also in [22].
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FIG. 3: Case with Φ0νe : Φ
0
ν¯e
: Φ0νx = 2.40 : 1.60 : 1.0. Three-
flavor evolution in inverted mass hierarchy in the single-angle
case. Radial evolution of the diagonal components of the
density matrix ρ for neutrinos (left panels) and antineutrinos
(right panels) for different energy modes.
In Fig. 3 and 4 we represent the radial evolution
of the diagonal elements of the density matrix ρee,
ρyy, ρxx for different energy modes for neutrinos (left
panels) and antineutrinos (right panels). In particular,
in the ρee panels the order of the energy modes is
E = 0.91, 5, 11, 43 MeV going from the curve starting
with the highest value to the lowest one. This order is
reversed in the ρyy and ρxx panels. Figure 3 represents
the single-angle evolution, while Fig. 4 is for the multi-
angle evolution, where the density matrix elements have
been integrated over the angular distribution. Except
for very low-energy antineutrino modes, we find that the
evolution of the density matrix is rather similar in the
single-angle and multi-angle case. We find the presence
of synchronized oscillations [8, 19] till r ≃ 85 km. Till
there all the ρω stay pinned to their original value.
Significant flavor conversions start only after synchro-
nization when bipolar oscillations [19] start to swap the
flavor content of the system. The synchronization radius
can be found through the condition [21]
µ∗r >
4 ωs√
3
Tr(σλ8)
[Tr(ρλ8)]2
. (28)
Using the alignment approximation for the two blocks
of neutrinos and antineutrinos, the synchronization
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FIG. 4: As in Fig. 3, but for the multi-angle case.
frequency for e− y conversions, reads [21]
ωs =
∫ +∞
0
dω ω(F 0νe(E)− F 0νy (ω))
2(Φ0νe − Φ0νy )
+
∫ +∞
0 dω ω(F
0
ν¯e(ω)− F 0ν¯y (ω))
2(Φ0ν¯e − Φ0ν¯y )
=
2∆m2atm
3
[
Lνe/〈Eνe〉2 − Lνx/〈Eνx〉2
Lνe/〈Eνe〉 − Lνx/〈Eνx〉
+
Lνe/〈Eνe〉2 − Lνx/〈Eνx〉2
Lνe/〈Eνe〉 − Lνx/〈Eνx〉
]
≃ 0.68 km−1 ,
for our input fluxes. The function
σ =
1
Φ0ν +Φ
0
ν
∫ +∞
−∞
dω sgn(ω)Fνρω .
Then
Tr(σλ8) =
ρee + ρ¯ee − 2ρxx√
3
=
=
1√
3
Lνe〈Eνe〉〈Eνx〉+ Lνe〈Eνe〉〈Eνx 〉 − 2Lνx〈Eνe〉〈Eνe 〉
Lνe〈Eνx〉〈Eνe〉+ Lνe〈Eνe〉〈Eνx 〉+ 4Lνx〈Eνe〉〈Eνe〉
≃ 0.144 ,
and
Tr(ρλ8) =
ρee − ρ¯ee√
3
=
7=
1√
3
〈Eνx〉[Lνe〈Eνe〉 − Lνe〈Eνe〉]
Lνe〈Eνx〉〈Eνe〉+ Lνe〈Eνe 〉〈Eνx〉+ 4Lνx〈Eνe〉〈Eνe〉
≃ 0.06 .
These numbers imply that bipolar conversions would
start when µ∗r ≃ 100 ωH , i.e. at r ≃ 85 km, as observed
in the Fig. 3.
We stress that the presence of synchronization at low-
radii in this case is crucially related with the original
spectrum with a single crossing point. As discussed
in [43], energy conservation at large neutrino densities
(i.e. when µ∗r → ∞) implies that ρ2 and thus ρ
are conserved [see Eq. (24)], and therefore behave as
collective objects. If ρ is conserved, energy conservation
implies that also Tr(ρ˜λ8) has to be conserved (neglecting
the subleading three-flavor effects associated to ∆m2sol).
For a single-crossed spectrum, the quantity Tr(ρ˜λ8) =
[(ρ˜ee− ρ˜yy) + (˜¯ρee− ρ˜yy)]/
√
3 is maximal [29]. Therefore
moving any energy mode ρω from its initial value
would make the energy of the system larger. In this
situation, each ρω must remain pinned with the global
density matrix ρ. Therefore, only the synchronization
among different modes is possible [43]. Since during the
synchronization phase the different ρω remain aligned to
their original value, multi-angle affects are suppressed.
Then, during the phase of the spectral swapping, the
spectrum near the crossing point acts like an inverted
pendulum [29]. The swap sweeps through the spectrum
on each side of the crossing, and the modes at the edge
of the swap precess at an average oscillation frequency
κ ≃ ∆m2atm/2E ≃ 0.5 km−1 for a typical energy
E ≃ 10 MeV in the region of the swap. Since, the
length scale lµ ≡ |d lnµ∗r(r)/dr|−1 = r/4 is larger than
κ−1, the evolution is adiabatic concerning the swapping
dynamics [30, 31]. However, the time-scale of multi-angle
effects is determined by the bipolar oscillation frequency
ωH ∼ √2ωµ∗r ∼ r−2 [35] that decreases faster than
l−1µ . Qualitatively, the effect of the synchronization is
to postpone conversions at large radii, where multi-angle
effects would require more “time” to develop since µ∗r
is smaller, and the relatively fast decrease of µ∗r would
reduce the adiabaticity for multi-angle effects. As a
consequence these do not grow significantly. This is
qualitatively the origin of the so called “quasi single-
angle” behavior [36], observed for neutrino flux ordering
typical of the accretion phase. We have explicitly
checked that modifying artificially the adiabaticity of the
evolution, i.e. choosing a very slow decrease of µ∗r multi-
angle decoherence is unavoidable also in the case we are
considering. Therefore, as suggested in [36], the absence
of multi-angle decoherence during the accretion phase
seems due to a luckily conspiracy of different time-scales.
Unfortunately, till now it has not been developed yet a
complete theory for that. Therefore, the interpretation
of these effects is mostly based on the experience gained
through numerical observations.
B. Spectrum with multiple crossings
We pass now to the case Φ0νe : Φ
0
ν¯e : Φ
0
νx = 0.85 :
0.75 : 1.0 representative of recent simulation results for
the neutrino flux ordering during the cooling phase [38].
This case has been widely studied in the single-angle
approximation in [29–31] and corresponds to spectra that
in ω variable present well separated multiple crossings,
in which multiple spectral splits can arise around the
crossing points (see Fig. 2 of [29]). Moreover, in this case
peculiar three-flavor effects, associated with conversions
between e and x states have been recently discussed [30,
31]. Multi-angle simulations in this case have shown
a smearing of the splitting features [29, 42] and a
suppression the flavor evolution at low-radii [42, 44].
In Fig. 5 we show the initial (anti)neutrino spectra
for all the flavors and the final electron (anti)neutrino
ones for the single-angle case (upper panels) and the
corresponding conversion probablities at the end of the
flavor evolution. Multi-angle results are shown in Fig. 6.
Starting with the single-angle case, we see that both
νe ↔ νy as well as ν¯e ↔ ν¯y swaps appear at intermediate
energies 5 MeV <∼ E <∼ 20 MeV. Moreover, for E >∼ 25
MeV, there are additional νe ↔ νx and ν¯e ↔ ν¯x swaps.
As result of this complex dynamics, in the single-angle
case the oscillated νe spectrum shows a single split, the
one at low-energies, producing the swap with νy after
the split, while the high-energy split is canceled by the
further swap between νe and νx. We observe that in the
antineutrino sector the spectral swaps are not complete,
due to smaller spectral differences between ν¯e and ν¯x that
lead to a less adiabatic evolution, as explained in [31].
Passing to the multi-angle case, the differences with
the single-angle case in the final neutrino spectra and in
the conversion probabilities are significant. In general,
all the splitting features are less pronounced than in the
single-angle case. Starting with the neutrino case, we
see that the low-energy spectral split is smeared. More
remarkably, the high-energy swap between νe and νx is
strongly suppressed. As a consequence, the final neutrino
spectra keep track only of the swap between νe and νy,
which now is less sharp than in the single-angle case. This
effect would produce a high-energy splitting feature in
the final νe spectrum at E ≃ 25 MeV, not present in the
single-angle three-flavor calculations. For antineutrinos,
the impact of multi-angle effects is even stronger: flavor
transformations are significantly suppressed, except in
the energy range close to crossing point of the spectra,
where two-flavor ν¯e → ν¯y transformations take place.
To explain the above observations, we represent the
radial evolution of the diagonal elements of the density
matrix ρee, ρyy, ρxx for different energy modes, for
neutrinos (left panels) and antineutrinos (right panels) in
Figs. 7 and 8. Figure 7 represents the single-angle case,
while Fig. 8 represents the multi-angle case. In this latter
case, the density matrix elements have been integrated
over the angular distribution. In the ρee panels the order
of the energy modes is E = 3.3, 5.7, 19, 30 MeV going
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FIG. 5: Case with Φ0νe : Φ
0
ν¯e
: Φ0νx = 0.85 : 0.75 : 1.0.
Three-flavor evolution in the single-angle case for neutrinos
(left panels) and antineutrinos (right panels). Upper panels:
Initial energy spectra for νe (long-dashed curve) and νx,y
(short-dashed curve) and for νe after collective oscillations
(solid curve). Lower panels: probabilities Pee (solid red
curve), Pey (dashed blue curve), Pey (dotted black curve).
from the curve starting with the highest value to the
lowest one. This order is reversed in the ρyy and ρxx
panels. Starting with the single-angle case, we see that
differently from the case studied in the Sec. III A, flavor
conversions are possible at low radii (r >∼ 30 km) in a
region where we would have expected synchronization.
The effect of the small in-medium mixing is only to
logarithmically delay the onset of the flavor conversions.
As explained in [43], the crucial difference with
respect to the previous case is that, applying the energy
conservation [Eq. (24)] to the case of multiple-crossed
spectra, it is possible to conserve Tr(ρ˜λ8) and αTr(ρ˜λ3),
by flipping parts of the original neutrino spectra around
the crossing points. Therefore, the synchronization
behavior found in the case of single-crossed spectra is
not necessarily stable in this case. Indeed, in [43]
it has been discussed the possibility of a novel form
of flavor conversions for large µ∗r in terms of a self-
induced parametric resonance that would destabilize the
synchronization. The origin of this effect is that since
each ρω would precess around the Hamiltonian Hω with
a frequency µ∗r , Hω itself must vibrate with the same
frequency. In this situation, for large µ∗r the total density
matrix ρ continues to behave as a collective object, but
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FIG. 6: As in Fig. 5, but for the multi-angle case.
is not static and vibrates itself with a frequency µ∗r . For
single-crossed spectra, the energy conservation prevents
any seizable change in the different ρω, therefore the
synchronized behavior prevails. Conversely, in presence
of multiple-crossed neutrino spectra, the different ρω’s do
not remain aligned with the global ρ and start to librate
relative to each other.
We also note that in this case three-flavor effects,
associated with (∆m2sol, θ12) are present. In particular,
from the figure, one realizes that collective librations first
start in the e−y system (at r >∼ 30 km), and then trigger
the e−x conversions (at r >∼ 60 km). The explanation of
this dynamics has been recently given in [31], where we
redirect the interested reader.
Passing to the multi-angle case of Fig. 8, we find that
now the low-radii flavor conversions are suppressed. This
effect has been recently described in [42], even if there it
has not made the connection between this behavior and
the multi-angle suppression of the parametric resonance.
This effect has been pointed out in [43] for generic
neutrino gases with half-isotropic neutrino distributions,
in cases where in the single-angle scheme the parametric
resonance was found. The point is that in the multi-
angle case, for large µ∗r the different ρω’s would precess
with different velocities whose spread, due to multi-angle
effects, is much larger than ω. As a consequence of
this dispersion, there cannot exist a collective parametric
resonance for all the neutrino modes. Therefore, the
collective behavior found in the idealized single-angle
case is “fragile” and easily suppressed by multi-angle
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density matrix ρ for neutrinos (left panels) and antineutrinos
(right panels) for different energy modes.
effects in the realistic anisotropic supernova environment.
In this case, as long as multi-angle effects are dominant,
they would suppress any flavor conversion at small radii.
As discussed in [42], the role of multi-angle effects in this
case is analogous to the one that they have in presence
of a large matter term (ne ≫ nν) [50]. There, multi-
angle effects introduce a significant dispersion for the
matter potential encountered by neutrinos on different
trajectories, that once more would suppress self-induced
conversions.
In the presence of multi-angle suppression, we expect
that flavor conversions would start only when neutrino-
neutrino interactions are not strong enough to maintain
the collective behavior of ρ [42]. Neutrino modes would
remain frozen to their initial condition, till the neutrino-
neutrino interaction µ∗r becomes comparable with the
averaged vacuum oscillation frequency of the neutrino
ensemble [45]
〈ω〉 = Tr(ρ˜λ8)
Tr(ρλ8)
=
ρ˜ee + ˜¯ρee − 2ρ˜yy
ρee − ρ¯ee , (29)
where for our input spectra
ρ˜ee + ˜¯ρee − 2ρ˜yy
=
2∆m2atm
3
Lνe/〈Eνe〉2 + Lνe〈Eνe〉2 − 2Lνx/〈Eνx〉2
Lνe/〈Eνe〉+ Lνe〈Eνe〉+ 4Lνx/〈Eνx〉
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FIG. 8: As in Fig. 7, but for the multi-angle case.
≃ 1.1× 10−2 km−1 ,
and
ρee − ρ¯ee
=
Lνe〈Eνe〉〈Eνx 〉+ Lνe〈Eνe 〉〈Eνx〉 − 2Lνx〈Eνe〉〈Eνe 〉
Lνe〈Eνx〉〈Eνe〉+ Lνe〈Eνe 〉〈Eνx〉+ 4Lνx〈Eνe〉〈Eνe〉
≃ 1.6× 10−2 , (30)
which numerically leads to 〈ω〉 ≃ 0.68 km−1.
We expect flavor conversions to start in the e−y sector
when
〈ω〉 ≃
√
3µ∗rTr(ρλ8) , (31)
that would correspond to µ∗r ≃ 60 〈ω〉. For our
input spectra, we would get as onset radius rons ≃
92 km, in qualitative agreement with the simulation
of Fig. 8. We note that numerically the conversions’
onset radius in this case is very similar to the one of
Sec. III A, even if the conditions that determine it are
different, as well as the further flavor evolution. In
particular, we expect that at large radii the evolution
in this case would be less adiabatic than in the case of
Sec. III A. As explained in [29], in the final phases of
the swapping dynamics, the neutrino and antineutrino
spectra evolve quite independently, and the precession
frequencies of the two blocks are not governed by a
common µ∗r , but by individual µ
∗
r ’s proportional to
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FIG. 9: Case with Φ0νe : Φ
0
ν¯e
: Φ0νx = 0.81 : 0.79 : 1.0.
Three-flavor evolution in the single-angle case for neutrinos
(left panels) and antineutrinos (right panels). Upper panels:
Initial energy spectra for νe (long-dashed curve) and νx,y
(short-dashed curve) and for νe after collective oscillations
(solid curve). Lower panels: probabilities Pee (solid red
curve), Pey (dashed blue curve), Pey (dotted black curve).
the flux differences |Fνe − Fνx | (|Fν¯e − Fν¯x |). They
behave essentially as two uncoupled oscillators because
the neutrino-neutrino interaction µ∗r is now smaller than
the frequency difference of the two blocks. Since in this
case the flux differences are smaller than in the previous
example of Sec. III A, the effective precession frequencies
are smaller, with a resultant less adiabatic evolution.
This would explain the more pronounced smearing of the
sharp splitting features observed in this case in the multi-
angle simulations.
The effect of the multi-angle delay is that flavor
conversions start in a region in which the neutrino-
neutrino interaction strength is weaker than in the
corresponding single-angle case. The typical time-scale
at which the off-diagonal components in the density
matrix grow is given by the bipolar period which, for
e − y transitions, is τH ∼ (2ωµ∗r)−1/2 [19]. The delay
of the conversions means that they start at a smaller
µ∗r where they require more time to develop. Moreover,
going at larger r makes the evolution less adiabatic,
resulting in weaker flavor conversions than in the single-
angle case. This would explain the suppression of the
e − x conversions. At this regard, we remind that
e − x conversions are triggered by the dominant e −
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FIG. 10: As in Fig. 9, but for the multi-angle case.
y conversions, via the θ13 coupling between the two
sectors [31]. Due to the suppression of e− y conversions,
the e − x transitions would also be delayed. The typical
time-period at which the off-diagonal components in the
e − x sector grow, is τL ∼ (αωµ∗r)−1/2. The mass
hierarchy implies that τL ≃ 8τH . As a consequence of
this slower growth of the e − x conversions, the multi-
angle suppression is enough to make τL too slow to be
effective.
The suppression of conversions between νe and νx
explains the appearance of the high-energy spectral
split in νe observed in the multi-angle case of Fig. 7.
Concerning antineutrinos, we realize that not only e− x,
but also e − y conversions are strongly inhibited. We
associate this behavior with the stronger violation of
adiabaticity in the antineutrino sector, due to the smaller
spectral differences among ν¯e and ν¯x [31].
We stress that the adiabaticity plays a crucial role in
determining the impact of the multi-angle suppression in
the flavor evolution. Indeed, we explicitly checked that
for the same flux ordering, increasing the adiabaticity,
by increasing the neutrino-neutrino potential by a factor
of five, the multi-angle suppression is less dramatic. In
particular, e − x conversions reappear. Moreover, also
the suppression of flavor oscillations in the antineutrino
sector is relieved. We find that this result is in agreement
with the case shown in [42]. There the choice of higher
neutrino luminosities with respect to the ones we are
considering as benchmark case, allows the multi-angle
suppression to be strong only at low-radii, while the final
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0
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flavor evolution in inverted mass hierarchy in single-angle
case. Radial evolution of the diagonal components of the
density matrix ρ for neutrinos (left panels) and antineutrinos
(right panels) for different energy modes.
spectra are similar to the ones obtained in the single-
angle case.
C. Spectrum with small flavor asymmetries
Finally, we consider the case Φ0νe : Φ
0
ν¯e : Φ
0
νx = 0.81 :
0.79 : 1.0 which is intended to represent a case which a
flux ordering possible at late times, where asymmetries
among νe and νe can become small [39, 40]. The small
asymmetry case has been pointed as representative of
flavor decoherence associated to multi-angle effects [35,
36].
In Fig. 9 show the initial (anti)neutrino spectra for
all the flavors and the final electron (anti)neutrino
ones for the single-angle case (upper panels) and the
corresponding conversion probablities at the end of
the flavor evolution. Multi-angle results are shown
in Fig. 10. The splitting features in the single-angle
case are similar to the ones observed in Fig. 5 of Sec.
III B. However, the multi-angle results are dramatically
different. We observe that neutrino and antineutrino
spectra tend toward flavor equilibration with different
conversion probabilites displaced around 1/3.
In Fig. 11 and 12 we represent the radial evolution
of the diagonal elements of the density matrix ρee, ρyy,
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FIG. 12: As in Fig. 11, but for the multi-angle case.
ρxx for different energy modes for neutrinos (left panels)
and antineutrinos (right panels). In the ρee panels the
order of the energy modes is E = 2.5, 5, 19, 30 MeV
going from the curve starting with the highest value
to the lowest one. This order is reversed in the ρyy
and ρxx panels. Figure 11 represents the single-angle
case, while Fig. 12 represents the multi-angle case. The
difference of the flavor evolution in the two cases is
striking. In particular, multi-angle suppression blocks
e-y flavor conversions till r ≃ 40 km, as predictable from
Eq. (31). Then, since conversions start at small r where
the evolution is more adiabatic than in the case of Sec.
III B, also e-x oscillations have chance to develop at
r >∼ 60 km. The stronger adiabaticity in this case allow
also multi-angle effects to have enough time to develop
before the neutrino-neutrino interaction term becomes
small. Then, the multi-angle effects smear the flavor
conversions, producing a tendency towards a three-flavor
decoherence of the ensemble in both ν and ν sectors.
IV. CONCLUSIONS
We have performed an exploration on the dependence
of multi-angle effects in self-induced supernova neutrino
oscillations on the original neutrino fluxes. Most of the
previous studies [18, 21, 22, 36] focused on neutrino
fluxes typical of the accretion phase, with a pronounced
νe excess, de facto behaving like spectra with a single
crossing. In this situation, the synchronization of
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TABLE I: Summary of multi-angle effects, 3ν effects and spectral splts for different SN neutrino fluxes.
Initial spectral pattern Multi-angle effects ∆m2sol-effects Spectral splits
Single crossing marginal absent robust
Multiple crossings relevant present/absent smeared
Small flavor asymmetries strong present washed-out
different angular modes at low-radii prevails over multi-
angle effects. Then, when flavor conversions start, these
are adiabatic to produce the spectral swaps and splits,
but not enough to allow multi-angle decoherence to
emerge. The result is the known “quasi single-angle”
evolution.
However, one has to be cautious in generalizing this
reassuring result. In this context, we have shown that
multi-angle effects can produce significant deviations
in the flavor evolution with respect to the three-flavor
single-angle case, for neutrino fluxes with a moderate
flavor hierarchy and a νx excess, as possbile during
the supernova cooling phase. In this situation, the
presence of multiple crossing points in the original
neutrino spectra destabilizes the synchronization at large
neutrino densities [43]. In absence of synchronization,
in the single-angle scheme collective conversions would
be possible at low-radii. However, multi-angle effects
introduce a large dispersion in the neutrino-neutrino
potential, that prevents any possible collective flavor
conversion at low radii. As a consequence, in the
multi-angle scheme there would be a significant delay
of the onset of the flavor conversions, as recently
observed [42]. We have shown that this multi-angle delay
can produce dramatic changes, not only in the deepest
supernova regions, as shown in [42], but also in the final
oscillated neutrino spectra. In particular, the multi-
angle suppression can be so strong to allow the onset
of the flavor evolution only at a large radius, when the
evolution is less adiabatic. Depending on the violation of
adiabaticity, in the inverted mass hierarchy there could
be a suppression of the three-flavor effects, associated
to the solar sector. This would dramatically change the
pattern of swaps and splits in the final neutrino spectra.
Finally, if the flavor asymmetries between νe and νe are
very small, the multi-angle suppression occurs only close
to the neutrinosphere. In this situation, the stronger
adiabaticity of the evolution allows multi-angle effects
to act efficiently also after the onset of the conversions,
tending to establish a three-flavor equilibration in both
neutrino and antineutrino sectors.
In Table I we summarize our results on the role of
multi-angle effects, 3ν effects and spectral splits for
different SN neutrino fluxes. In this work we have
explicitly shown numerical results only for the case
of neutrino inverted mass hierarchy. However, we
have checked that the impact of multi-angle effects is
qualitatively similar also for the normal hierarchy case.
From our numerical explorations, it results that self-
induced flavor transformations of supernova neutrinos
during the cooling phase are a continuous source of
surprises. The richness of the phenomenology, in the
presence of neutrino spectra with multiple crossing
points, was first realized in [29] with the discovery of
the possibility of multiple spectral splits in both the
mass hierarchies. Then, it was realized that for these
neutrino fluxes, three-flavor effects can play a significant
role in inverted mass hierarchy, changing the splitting
pattern expected from two-flavor calculations [30, 31].
Now, we show that also multi-angle effects are crucial
in characterizing the flavor evolution in this case,
and could potentially kill the three-flavor effects. In
general, self-induced flavor conversions for spectra with
multiple crossing points challenge most of the naive
expectations on which was based the original picture of
the collective supernova neutrino conversions: low-radii
synchronization, subleading role of multi-angle and three-
flavor effects.
The discovery of these new effects adds additional
layers of complications in the simulation of the flavor
evolution for supernova neutrinos. In particular, our
result shows that during the cooling phase three-flavor
multi-angle simulations are crucial to obtain a correct
result. Multi-angle effects would be taken into account
to assess the impact of collective neutrino oscillations on
the r-process nucleosynthesis in supernovae, as recently
investigated in [53]. The impact of the multi-angle effects
would crucially depend on different SN input: neutrino
luminosities and flavor asymmetries, neutrinosphere
radius, etc. Since all these quantities significantly change
during the neutrino emission, one would expect time-
dependent effects. At this regard, the possibility to
detect signatures of these effects in the next galactic
supernova neutrino burst [33] would motivate further
analytical and numerical investigations.
Appendix
We discuss here a few technical aspects of the multi-
angle numerical simulations, we performed on our local
computer facility (with Fortran 77 codes running a
Linux cluster with 48 processors per CPU with 128
Gb of shared RAM memory). Equation (6), after
discretization, provides a set of 16 × NE × Nu ordinary
differential equations in r, where NE and Nu are the
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number of points sampling the (anti)neutrino energy E
and emission angle. In particular, we find convenient
to label the neutrino angular modes in terms of the
variable [36]
u = sin2 θR , (32)
where θR is the zenith angle at the neutrino sphere r = R
of a given mode relative to the radial direction. With
this choice, the parameter u is fixed for every neutrino
trajectory.
We have then performed our simulations of the three-
flavor neutrino evolution using a Runge-Kutta integra-
tion routine taken from the CERNLIB libraries [54]. We
fixed the numerical tolerance of the integrator at the level
of 10−6 and increased the number of sampling points in
angle and energy till we reach a stable numerical result.
In this situation we estimate a numerical (fractional)
accuracy of our results better than 10−2. In order to
have a clear energy resolution of the spectral splits we
took NE = 10
2 energy points, equally distributed in the
range E ∈ [0.1, 80] MeV. The number of angular modes is
also a crucial choice, since it is well known that a sparse
sampling in angle can lead to numerical artifacts that
would destroy the collective behavior of the neutrino self-
induced conversions [36]. Typically, numerical stability
would require Nu = O(103) angular modes.
Since we can claim to have reached stable numerical
simulations, we are confident in the accuracy of the
results obtained in this work. Moreover, we have been
able to reproduce previous results presented in literature
for cases similar to the ones we are investigating (see,
e.g., [21, 42]).
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